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Vibration problems of spinning shafts with attached disks occur quite
frequently, but until recently the analyses were generally restricted to the
flexible-shaft/rigid-disk models, which lost at least two-thirds of the vibrational
characteristics to a certain extent. In the present paper, a substructure synthesis
technique is applied to the modelling of the bending coupled dynamics of a
spinning shaft/disk system with disk flexibility considered. The shaft is treated
as a Timoshenko beam. The coupled equations of motion are derived
analytically. A numerical study is performed to demonstrate the method
developed. The bending coupled natural frequencies, both in view of the shaft
transverse vibration and in view of the disk transverse vibration, and the
coupled mode shapes are obtained as spin speed varies. The disk flexibility has
important effects on the system vibrational behavior, especially at the frequency
range near the natural frequencies of single disks.

© 1999 Academic Press

1. INTRODUCTION

The vibrations of a spinning shaft with attached disks are of wide research interest
as an essential element of many modern machines. The analysis is generally
restricted to the flexible-shaft/rigid-disk model. In another aspect, there has been
extensive research on the vibrations of flexible disks since the famous early works
[1-5]. A single disk with inner-clamped and outer-free boundaries can be
modelled as an elastic disk rigidly attached to a rigid shaft with rigid bearings. For
the two models above, no flexible coupling effects exist between the disks and the
shaft in addition to the rigid rotation effects—the rotary inertia effect and the
gyroscopic moments. The present research will show that for an elastic shaft/disk
structure, the coupled vibrations consist of shaft-dominating modes, disk-
dominating modes and shaft—disk coupled modes. The flexible-shaft/rigid-disk
model can only predict the shaft-dominating modes with some frequency values
over-estimated, while leaving the disk-dominating modes and shaft-disk coupled
modes unperceived. So, to a certain extent, at least two-thirds of the vibratory
characteristics are lost when analyzed relying on a shaft/rigid-disk model.
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According to the nature of coupling with the shaft, disk vibratory modes are
classified for convenience into three groups (section 2.3): uncoupled disk modes
with more than one nodal diameter, disk modes with a single nodal diameter
coupled with the shaft bending vibrations and disk modes with zero nodal
diameter (axisymmetric modes) coupled with the shaft longitudinal (axial)
vibrations. The uncoupled disk modes can be calculated accurately, if the
accurate values of Bessel functions are available, for stationary disks, or by
approximate methods for rotating disks or disks containing radially symmetric
stress fields, arising, for example, from residual or thermal effects [6]. The
longitudinal coupled vibrations were addressed by Jia er al. [7]. Several
investigators have modelled the bending coupled vibrations based on different
schemes, which are summarized as follows. Dopkin and Shoup [8] analyzed the
effect of disk flexibility and gyroscopic forces on the bending natural frequencies
of an axisymmetric rotating shaft with flexible disks by a transfer matrix
analysis. Chivens and Nelson [9] analytically investigated the influence of disk
flexibility on both the natural frequencies and critical speeds of a flexible shaft—
disk system. Wilgen and Schlack [10] applied the Liapunov method to an
analysis model consisting of a flexible disk rigidly attached at an arbitrary
location along a flexible shaft to investigate the effects of disk flexibility on the
stability. Shahab and Thomas [11] studied the coupling behavior between the
stationary flexible thick disks and the flexible shaft carrying these disks by a
finite element method. Vance [12] considered the attachment flexibility of the
disks to the shaft. Wu and Flowers [13] developed a transfer matrix procedure in
which the disk flexibility effects were accounted for by means of additional terms
included in the transfer matrix formulation. Shen and Ku [14] suggested an
analytical formulation for a rigid spindle with elastic circular disk supported by
two elastic antifriction bearings to predict the non-traditional vibration
resonances encountered in modern disk drives.

In this paper, the bending coupled vibrations of a flexible shaft—flexible disk
system are studied by a substructure synthesis technique [15]. The method has
been successfully applied to predict the tricky coupled vibrations of commercial
computer hard disk drive spindle systems [16] where the flexible shaft was
modelled as a Rayleigh beam [17] in which the lateral motion and the rotary
inertia effect are considered, but the shear deformation effect is neglected. For
the present work, the method is further developed to apply to a multispan
Timoshenko beam [18, 19], in which both the rotary inertia effect and the shear
deformation effect of the elastic shaft are taken into account, with elastic circular
disks. In addition, multiple isotropic journal bearings are included.

2. MODELLING ASSUMPTIONS AND ANALYSIS METHOD

2.1. ASSUMPTIONS

The system to be analyzed, shown in Figure 1, consists of a flexible shaft
carrying M flexible disks rigidly attached to the shaft. The assumption of rigid
attachment means that the inner boundary of the disks remains normal to the
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Figure 1. Analysis model.

shaft in all modes. The shaft is supported by N flexible journal bearings. It is
assumed that the shaft is of varying annular cross-section and each disk is a
uniform circular plate, as used for steam turbines.

The shaft is modelled as a Timoshenko beam, considering rotary inertia and
shear deformation effects.

The classical thin plate theory or Kirchhoff plate theory [20] is used to
describe the disk vibration, where the non-linear effect and the thick plate effects
of rotary inertia and shear deformations are neglected. The normals to the
middle plane of the plate are assumed to remain normal to the deflected middle
plane during vibration, and the dissipation due to damping is not included. The
centrifugal stiffening effect of the disk is included.

The gyroscopic or Coriolis effect is included. Small deformation is assumed
throughout the analysis. The bending coupled vibrations of the system will be
analyzed. In particular, a few lowest vibration modes are of major interest.

2.2. CO-ORDINATE SYSTEMS

In order to obtain the total kinetic and potential energies, the system may be
conveniently regarded as an assemblage of substructures to which local reference
frames are assigned to describe the rigid body motions. Then, -elastic
deformations are defined as motions relative to the moving local reference
frames. Three co-ordinate systems are used (see Figure 2). An Xy— Yy—Z, frame
represents the inertial (Newtonian) system; X;—Y,—Z; is the local reference
frame rotating at the shaft angular speed @ about the X; axis, where the X, and
X axes are collinear and coincident with the undeformed bearing centerline; X,—
Y,—Z, is the local reference frame fixed to a disk with the origin at the center of
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Figure 2. Co-ordinate systems: (a) the rigid body motion of a disk, (b) the flexible transverse
deformation of a disk, and (c) the lateral deformation of the shaft.

the disk. The whirling of the shaft is represented by (vs,ws) in X;—Y—Z,. The
clastic deflection of the disk relative to X>,—Y,—Z, is denoted by up. The rigid
body rotation of the disk is defined by first the rotation Q¢ about X7, then the
small rotation angle 0: about Y, and last, the small rotation angle 0, about Z,.

2.3. COUPLING ANALYSIS OF A ELASTIC SHAFT-DISK STRUCTURE

To investigate the coupling caused by disk flexibility, one chooses a section
(Figure 3) including one disk from the shaft/multiple-disk system. It is assumed
that the attachment of the disk to the shaft is rigid, so that the disk remains
normal to the shaft in all modes. For a rotating uniform disk, the differential
equation of elastic transverse vibration can be derived by the application of
Hamilton’s principle. The equation of free vibration has the form

82141)

1 8 8uD 1 8214D
——+DVup —~ —(rN,—— | —5Ny— =0, 1
pDhD 972 + DV up - or <I’N 8}") r2N9 892 0 ( )

with the inner-clamped boundary conditions
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where a and b are the inner and outer radii of the disk, respectively; pp is the
mass per unit volume of the disk, /4, is the thickness of the disk; D is the flexural
rigidity of the disk; v, is the Poisson’s ratio; V* is the biharmonic operator
(V*up=V3(V?up)); N, and N, are normal stress resultants in polar coordinates;
V2 is the Laplacian operator. The expressions are detailed in Appendix A, where
Q2 is the constant rotating speed of the shaft (rad/s) and Ep is the Young’s
modulus.
Considering the derivation by Meirovitch [21] and

o b/ Oudv Ny Oudv
JO LuL[v]rdrdQ—L Ja<NIEE+r—2%%>rdrd0,

where
10 0 1 0?
L= <rNr5> AT

and u and v are two arbitrary comparison functions, it is straightforward to
demonstrate that the eigenvalue problem for the elastic transverse vibration (1)—
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(3) of a uniform disk is self-adjoint, and it follows that its eigenfunctions
constitute a complete set of orthogonal modes. Then, the flexible displacement of
the elastic disk can be expressed according to the expansion theorem

oo

up(r.0,1) = > _ Ui(r,0)g:(2),

i=1

where U;(r,0) are orthonormal modes of the disk, and g¢;(f) are the
corresponding time-dependent generalized co-ordinates. Here one considers
harmonic vibration, so that §;(7) = —wfqi(t), where w; is the natural frequency
of the ith disk mode and a dot denotes derivative with respect to time ¢. U;(r, 0)
may be expressed in the form [4]

Ui(r,0) = Upn(r, 0) = Ry (r)(amy cos mb + by, sinmb), mn=0,1,2,...,00,

where U, (r,0) represent the orthonormal modes of m nodal diameters and n
nodal circles. U;(r, ) can be regarded as the reranking of U,,(r,0) by order of
increasing corresponding natural frequencies. R,,,(r) is the radial distribution of
the mode shape. a,,, and b,,, are constants determining the orientation angle
0,0 of the resultant mode relative to the disk: a,, cos m0 + b,,, sin
mb = cos m(60 + 0,,,0). For a perfectly symmetric disk, whether uniform or not,
theory indicates, and experiment verifies, that there will be no fixed preferential
orientation (6,,,0) of the mode with respect to the disk (reference [17], pp. 363—
366). Therefore, to simplify the following formulation, without loss of generality,
it is assumed that 0,0 =0.
The inertia force of the vibrating disk is

Fp=—pphp Jzn J:a;%rdrd()
— ol Y @24l L Jb Ron(r) cos(m0)rdrdo,
i~ a
where
J;n cos(mb) dO = {2(:’ f;;i nnz ; (())’. (4)

And the inertia moment about P (the direction is perpendicular to the shaft) is

21 baZuD
My = — -0
P pDhDL L a2 rcos Ordrdo

[ 2n b
= —pphp Za)?qi(l)J J Ry (r) cos(mb) cos 0r* drdo,
i=1 0

a

where
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n, form=1,

21
J cos(m@) cos dO = {07 for m # 1. (5)

0

Formulas (4) and (5) imply that the disk modes of zero nodal diameter
(axisymmetric modes) couple with the longitudinal vibration of the shaft for the
inertia force F,,, the disk modes of one nodal diameter couple with the bending
vibration of the shaft for the inertia moment M, , and all other modes of nodal
diameter m > 2 do not couple with the shaft vibration. Accordingly, in the
following discussion of bending coupled vibrations, only disk modes of single
nodal diameter are considered, and the disk modes appearing in the ensuing
paragraph, unless otherwise specified, are modes of single nodal diameter.

2.4. SUBSTRUCTURE SYNTHESIS

A substructure synthesis technique, developed for the modelling of flexible
multibody systems, is used to investigate the coupled vibrations of the flexible
disk/shaft/bearing system. The total system is regarded as a disconnected
assemblage of substructures (flexible shaft and flexible disks) which satisfy the
geometric constraint conditions of motion at the disconnected points. The energy
functions for every substructure are determined by elastic deformations and
fictitious geometric constraint conditions. The motion of every substructure is
represented as a weighted finite series of admissible functions (assumed modes
method). As admissible functions, the mode shapes obtained from the analytical
solutions of individual non-rotating elements can be used. The energy elements
are obtained in a discretized form by expressing motions in terms of the
weighted admissible functions. Then, Lagrange’s equations of motion are used to
formulate the equations of motion. Compared with the popular FEM (finite
element method) in complex mechanical and structural vibration analysis,
several observations can be made:

(1) The substructure synthesis method does not need the large number of
degrees of freedom as required in finite element analysis.

(2) Due to the expansion in terms of the global admissible functions, which
extend over the entire individual substructures in substructure synthesis, the
fundamental vibration characteristics of the system is ensured to be correct, since
the admissible functions consist of one set of approximate solutions of the
system. In contrast, the FEM, which uses local admissible functions defined over
small subdomains of substructures, might lead to erroneous numerical output in
dynamic problems of continuous media.

(3) However, the substructure synthesis method is applicable to relatively
regular systems, consisting of simple structural elements (substructures), such as
beams and plates, the exact analytic mode shapes of which are well available,
while the FEM is applicable to irregular systems. This restriction to substructure
synthesis is not an excessive demand considering that most practical structures
can be idealized as composed of simple substructures.
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3. GOVERNING EQUATIONS

3.1. ENERGY FUNCTIONS

The goal of the following analysis is to produce equations governing the
transverse bending coupled vibrations of a flexible shaft/disks system based on a
Timoshenko beam model. The substructure synthesis technique is applied to
discretize the complex continuous structure. For the bending coupled vibration
of the shaft and the single nodal diameter disk modes, in addition to the
transverse displacements, the gyroscopic moments, and rotary inertia and shear
deformation effects are considered.

The fundamental assumption in the bending analysis of the shaft including
shear deflection is that plane cross-sections originally normal to the neutral axis
remain plane, but they do not remain normal to the deformed neutral axis.

Four independent variables are needed to describe the shaft transverse motion
in two orthogonal planes in the rotating co-ordinates X,—Y,—Z;: vs; and wgy,
and vg; and wg,, where vg; and wg, are small transverse deflections due
to bending (flexure), and vs, and ws, are small transverse deflections due to
shearing. Then, the total transverse deflections are

Vs = Vs1 +Vs2, Ws = Ws1 + Ws.

The potential energy, Vs, of the shaft due to the shearing and bending
deformations in the rotating co-ordinate system, X;—Y,—Z,, is expressed as [22]

1 S 8sz 2 8W52 2
V*—EJ;{kGSAS (5;> +<:ax>
821151 2 82W51 ?
() +(5) | o ©

where k is the shear correction factor (or shape factor, since it is a function of
the cross-sectional shape) which is introduced to consider the non-uniform shear
stress distribution over the cross-sectional area (Timoshenko’s hypothesis results
in a uniform shear strain); Eg, Gg, and Ag are the Young’s modulus, shear
modulus and cross-sectional area of the shaft, respectively; and Ig is the area
moment of inertia of the shaft about a diameter.

The kinetic energy of the shaft is due to translation and rotation and is written
as [23]

+Esls

1 S
Ts(t) = ZJO psAs[ig 4+ s + 2Q(Wsvs — vsws) + Q2 (vE + wi)] dx

1S . . ) .
+ EJ pslsl05: + 05, + 2Q(05,0s: + Os:0s,) — Q*(05; + 05,)] dx
0

S
_4pwym, (7)
0

where 0g: and 0, are small angles of rotation of the shaft cross-section due to
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bending, and may be expressed as

8W51 81151
and  Og, = .
ox

ox
The kinetic energy of the ith disk is

Ose = —

1
Tpi = Ele{V,z + W,2 + 2Q(iji — f’,‘W,‘) + Qz(v? + W?)}

1 , :
+ EJDyi{(Héi - Qeni)z + (Gni + ‘Qeéi)z}

+ %JDX,-{QQHWQQ- — .(22(03” + 021-) + 92}
1 21 rboi . .
+ 5 pohon L J (i, + 2r[sin 00 — Q6,7) — cos 00y + 262ty
doi
— 20r[(0,; 4+ Q0z) sin 0 + (0 — 20,,;) cos Olup; }r dr do,

where ay; and by; are the inner and outer radii, respectively; /p; is the thickness;
mp; is the mass; Jp,; and Jp,; are the disk mass moments of inertia about the
axis of rotation and a diameter, respectively; v, and w; are the shaft
displacements at the ith disk location; and 0 and 0, are the small rotation
angles due to bending of the shaft at the ith disk location. Note that the energy
terms associated with the constant rigid body rotation are neglected since they

will subsequently be cancelled out in Lagrange’s equations.
The strain energy of the ith disk can be expressed as [7]

Di 21 rboi 8214 i 1 Ou i 1 82u i
VD"(”:TJO J .{(vzu’)")z_z(l_v’)) o (? or i 80§)>

8 1 auD,‘ 2
+2(1 —vp) {5 <; 50 )] }rdrd@
1 2 (boi 81/[1),' 2 1 auD,- 2
+§JO JaOi [Nr<—ar > +N0<; 80 > rdrd@,
The total kinetic and potential energy of the disks are respectively

M M
Tp = ; Tpi, Vp= ; Vpi. (8)

To introduce the bearing forces, one makes use of the virtual work expression

N
5W(l) = Z[—(k,'yy Vs + kl'yz Ws+ Ciyy Vs + Ciyz W5)5 Vs
i=1

- (kizy VS + kizz WS + Cizy I./S + Cizz WS)5W5]|bi'
where |,; represents that the shaft displacements are evaluated at the ith bearing

location, and Vs and Wy are shaft deflections in the inertial co-ordinate system
Xo—Yo—Zy. One assumes that k;,, = k.. = ki1, k- = —ki;p = kp, ¢iyy = Cizz = cj1,
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and c¢j- = —ci;y = cp (sufficient but not essential conditions for isotropic
bearings). Then

1

N
OW(t) = Z[—(kil Vs+knWs+caVs+ cn WS)5 Vs
—1
(—k

— pVs +knWs — cpVs + ca Ws)oWs]|,. ©)

The relations between displacements vg, wg and Vg, Wy are given by
Vg =vgcos Qtf —wgsin Qt, W = vgsin Qf + wgcos Q1, (10)

where the relations are schematically shown in Figure 2. Inserting equation (10)
into equation (9), one has

N
5W<l) = — Z[k,’] (V55VS =+ W55WS) + k,'z(W55VS — V55WS)
i=1
+ ¢ (f155VS + W35WS) + Ciz(W55VS — f155WS)
— ¢1Q(Wsdvs — vsows) + cpQ(vsovs + wsows)]|;- (11)

3.2. DISCRETIZATION OF THE DISTRIBUTED SYSTEM

As an approximate treatment, the displacements of the continuous shaft and
disk substructures will be assumed in the form of a series composed of a linear
combination of weighted admissible functions (assumed modes method). The
eigenfunctions of the transverse vibration of a free—free flexure and shear beam
[24] will be chosen as the admissible functions for the transverse deflections of
the shaft due to bending and due to shearing, respectively. The eigenfunctions of
the free vibration of the corresponding stationary disk will be chosen as the
admissible functions for the disks [5, 25]. With this conception and the fact that
only one-nodal diameter modes of the disk couple with the shaft bending modes,
the transverse displacement of the ith disk can be written as

up; = cos 0@ p;(r)Q;;() + sin 0@ p;(r)Q,;(2), (12)

where ®@p,; (r) is the row vector consisting of the admissible functions of the disk,
and Qg () and Q,;(¢) are column vectors consisting of the corresponding time-
dependent generalized co-ordinates of the ith disk.

The shaft bending displacement will take the form

vs1 = @s1(x)Qypi (1), ws1 = Ps1(x)Qp(2), (13)
and
vs2 = P52 (x)Qya(t), ws2 = Psa(x)Qpn(1), (14)

where @g(x) and @ (x) are the row vectors consisting of the admissible
functions of the shaft which describe the shaft motions in two orthogonal planes
caused by bending and shearing, respectively; and Q(¢) and Qy(¢), and Q»(?)
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and Qy»(7) are column vectors consisting of the corresponding time-dependent
generalized co-ordinates.

Substituting equations (12)—(14) into equations (6)—(8) and (11), using matrix
formulation, and reducing lead to the discretized total energy functions

No
T=T,+Tp, V=Vs+Vp, OW=3 Ridq. (15)
k=1

where the detailed expressions are summarized in Appendix B, and N, is the
number of degrees of freedom of the total discretized system.

3.3. GOVERNING EQUATIONS

In the last section, the total kinetic and potential energies and the virtual work
have been expressed in terms of a limited number of generalized co-ordinates.
Then Lagrange’s equations are the direct choice for the formulation of the
ordinary differential equations of motion of the total structure. Lagrange’s
equations take the form

d /0L oL
— (=) —=—= R, k=1,2,..., Ny, 16
di (aqk> g " 0 (16)
where L(=T-7), q(Qy1,Qu1, Q2 Qpr. Qs and Q,), and R, are the
Lagrangian, generalized co-ordinates, and the forces which are not included in
the potential energy function, respectively. Introducing equation (15) into
equation (16) leads to a coupled set of equations. The generalized complex co-

ordinates are defined, with two orthogonal generalized co-ordinates being the
real and imaginary parts of a complex co-ordinate, as

Zsi =Qui +/Quwi, Zsx=Qyr +jQun, Zpi= Qs +jQ,:

Employing the complex co-ordinates, the coupled equations of motion are
expressed in matrix notation as

[ Mg Msi, —Mspr -+ —Mspu] ( Zs; )
Mglz Mg 0 0 Zsz
_M§D1 0 Mp, 0 ZDI
. ) 0 ;

L-M%,, 0 Mpy 1 \ Zpy

[Cii Ci2 0 07 ( Zs

C, C»n 0 0| Zs

+| 0 0 0 0 Zp

) - ,

L0 0 0] \Zpy
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Figure 4. Cross-sectional view of the numerical model.
[ Ky K12 —Q*Mgp, e ~QMgpy | ( Zsi 0
K[, Ky 0 e 0 Zs> 0
| Mg, 0 (Kpi +Kj)/2 0 Zpi »=X0
: : 0 S : :
| QMg 0 (Ko +Kpy)/2 | \Zou 0
(17)
where

(3) “4) (3) 4)
Ch = Kf;’l) +j[Q(K(Sll) +Ms1) — KSI)]’ Cin= K(S31>2 +j(2QMs12 — K(S?’l)z)’

Gy . @)
C22 = KS2 +][2QM52 — KSZ]’
(1 ) () (2)
K = _Q2K(sll) + K(S21) + Kgl) _J'K(s31), Ky = —Q°Mgp; + K?l)z _]K(S3l)2’

My @
K» = — Mo +K§) + Ky — K,

and the element matrices are given in Appendix C.

4. NUMERICAL SIMULATION

To illustrate the efficiency of the present method, a rotor model of typical
dimensions for the utility industry (turbine-generator set) is studied. The model
shown in Figure 4 consists of a long shaft, four uniform disks, and four journal
bearings. The details of the system configuration (Figures 1 and 4) are listed as
follows (1n mm): ag= 380, b()] = 1750, b()z = 1550, ry= 75, Iy = 115, ry3= 769,
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ry=2824, by =1203, b,=9281, b3;=12151, by,=21809, d,=2613, d,=4399,
d;=06185, d,=7971, hp=200, [,=230, L=10126, L=11106, [,=14844,
[5=20026, and S=23599. The material and bearing properties are:
p=7700kg/m’, E=190x10""N/m? v=03, ki =ky =20x10°N/m,
k31 = k4] =30x 109N/m, k12 = kzz = k32 = k42 =00 N/m, Ci1 = C1 = C31 =
Cq1 = 65 % 105 Ns/m, and Clp = C) = C32 = Cq4p = O‘ONS/I’H.

4.1. ADMISSIBLE FUNCTIONS

According to the substructure synthesis, the displacements of the continuous
shaft and disks are assumed in the form of a series composed of a weighted
linear summation of admissible functions, as shown in equations (12)—(14).
Mode shapes of the non-rotating uniform beam with free—free boundary
conditions and the non-rotating uniform circular plate with inner clamped—outer
free boundary conditions are used as the admissible functions for the shaft and
the disks, respectively. The formulas used to obtain the admissible functions are
as follows.

The flexural (bending) deflections of a slender free—free shaft (0<x/S<1-0, S
is the length of the shaft), with rotary inertia ignored:

Yi(x) =10, Ys(x) = V12(x/S —0-5),
Yi(x) = cosh(4;x/S) + cos(4;x/S)—a;[sinh(4;x/S) + sin(4;x/S)], i=3,4,5,...,
o; = (cosh 4; — cos /;)/(sinh 4; — sin 4;).

The transcendental equation for the dimensionless natural frequency parameter 4
is

cosicosh i =1.
The shearing deflections of a free—free shaft are
Yi(x) = V2cos(inx/S),  i=123,....
The transverse deflections of the disks are

Rln(r) = AnJ (ﬁnr/b()i) + B, Y, (ﬁnr/b()i + Cu 1, (ﬁnr/b()i) + DK, (ﬁn V/b(),'),
n=0,1,2,...,i=1,2,

where subscript “1” designates the modes of one nodal diameter, and 7 is the
number of the nodal circles, not counting the nodal circle enforced by the inner
clamped boundary condition; J; and Y; are Bessel functions of the first and
second kind, respectively, and /; and K; are the modified Bessel functions of the
first and second kind, respectively; 4,,, B,, C,, and D,, are constants determined
by the boundary conditions, nodal circle number and the normalized condition;
p. is a dimensionless parameter, and f, is related to the natural frequency
w, (rad/s) by

4 2 Pphnby
ﬁn = wnT’
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where the f, are determined by setting the coefficient determinant of the linear
equation set, derived by the boundary conditions, to zero [5, 25].

Some lowest mode shapes for the admissible functions are depicted in
Figure 5, where the natural frequencies of the disk modes are also listed.

4.2. CONVERGENCE

A convergence study is carried out, as shown in Tables 1-3, where the bold
terms are those unchanged compared with the previous calculation. DOF stands
for the degree of freedom of the total discretized system, NSI is the number of
admissible functions for the bending deflections of the shaft, NS2 is the number
of admissible functions for the shearing deflections of the shaft, and ND is the
number of admissible functions for the transverse deflections of the disks. From
Table 1, one sees that when NS1 =26, satisfactory convergence is attained for
the value precision used here. For NS2 and ND, the convergence is relatively
much more rapid. This is because the contribution from the shearing
deformation is much smaller than that from the bending deformation, and the

110 Hz 768 Hz 2162 Hz
(d)

Figure 5. Some lowest admissible functions for (a) the bending deflections of the shaft, (b) the
shearing deflections of the shaft, (c) the transverse deflections of the disks of radius 1750 mm, and
(d) the transverse deflections of the disks of radius 1550 mm.



637

MULTISPAN SHAFT WITH FLEXIBLE DISKS

€79C ¢-L81 ¥L91 s-LTl ¢ 111 G-L6 96L T19L 9.9 TE9 +8C LIS 968 0¢€T ISI (4 01 9¢ 88
v-C9C ¢-L81 S-L91 S-LC1 8111 6-L6 9-6L 1-9L L-L9 T-€9 S8 LIS 968 0¢C [-SI (4 o1 v 78
0-89C ¢-881 0-891 0-8¢I 8-CIT €001 6:6L ¢€9L LL9 ¢€¢€9 &85 8IS 96¢£ 0¢C TSI (4 o1 (44 08
9-0LC C-681 8:691 O-1€l 9-%II 9101 6:6L 99L L-L9 €¢£9 &85 0CS L68 ¢€€C TSI (4 o1 0¢ 9L
0-S6C £-vCC ¢-LLT C-SEI ¢SIT 6-¢01 €08 89L 6:L9 <Tv9 <C-65 [1-CS 668 6:¢€C €SI (4 o1 Sl 99
9-€9¢ 8.6t 8-S¢C 9-¢vl <¢ICl #III S¥6  €L8 C¥8 +:L9 009 66 60y 65C 091 [4 01 01 9¢
Sl 14%)) €lm lm 8¥25) 0lm 6 Sm L Ele) Sm Ym €m <m 125 aN 7SN ISN H0d

(1SN) Lfpys ayi Jo suoipdapfop Suipuaq ayj 10f Suorounf ajqissiupn Apnis adud342410.)

[ 9T19V],



H. S. JIA

638

LT-TIT 1T-L8T 6£-L9T LY-LTI TE-T11 €8P-L6 IV9-6L 80L-9L STI-L9 VOT-£9 vvy-8S TIL-IS PLS-6€ 886-CC TOL-SI
6C-C9C CT-L81 6E€-L91 Ly-LTT TE-TIT €8Y-L6 I¥9-6L 801-9L SC9-L9 +0C-€9 vyv-8S TIL-IS vLS-6¢ 686-TC TOL-SI
CE-C9T €T-L8T OV-L9T 8p-LTI TE-TTT S8Y-L6 TP9-6L 60L-9L LTI-L9 SOT-£9 SPb-8S TIL-IS SLS-6¢€ 686-CC TOL-SI
CE-C9T VT-L8T T¥-L9T1 8p-LTI TE-TIT 06%-L6 TY9-6L 601-9L LTY-L9 SOT-€9 Svy-8S TIL-IS SLS-6¢ 066-CC COI-SIT

¢ SI 9T 86
¢ 0 9T 88
(4 S 9T 8L
¢ 0 9T 89

€ €
Sl 14%) clm [4¥0)} [2¥¢5) 0lm 6 Sm Lm Ele) Sm Yo 3o} <m |¥¢5)

dN <SN ISN 40d

(TSN) Hoys ay1 o suopoapfop Surivays ayj 10f suoyouny ajqissiupy :Apnis 3oua3124u0))
za1av],



639

MULTISPAN SHAFT WITH FLEXIBLE DISKS

8C-C9C TT-LBT 6¢-LI1 Lv-LTI TE-ILIL €8V-L6 1¥9-6L 80I-9L ST9-L9 VOT-€9 vrb-8S INIL-IS VLS-6E€ 686-CT CTOL-SI
6C-C9T TT-L8T 6¢-L9T Ly-LCI TE-TIT €87-L6 1¥9-6L 80L-9L ST9-L9 v0C-£9 vby-8S TIL-IS PLS-6E€ 686-CT CTOI-SI
16-29C 0€-L8T 9Y-LI9T 8¥-LCT CTE-TIT S8%-L6 C¥9-6L 801-9L ST9-L9 S0T-€9 Svv-8S TIL-IS PLS-6€ 686-CC COI-SI
81-GLE T8-0S¢ CTL-CCE 8E-S9C 16-€81 SO-LST 89-8C1 ¢€¥L-86 CTOE-0L LE6-99 998-8S 810-€S LLL-6E 066:CC VII-SI

o1
01
o1
1§

S —awm

9T
97
9¢
9T

48!
88
08
L

Sl Ylm €lm <lm Iwm 0lm 6 Sm Ly Ym Sm Yo £ <m 4]

dN 7SN ISN J40d

(@N) Sysip ay1 Jo Su0132alfop asdaasuv.y ayj 0f suonounf ajqissuupp :Apnis aous312410))
€ 419V,



640 H. S. JIA

natural frequencies of the higher disk modes are much larger than the frequency
range considered in the discussion. From the convergence study, one chooses
NS1=26, NS2=10, and ND =2 to describe the local deflections of each
element, and a total of 88 degrees of freedom are obtained for the discretized
system (26 x 2 for the shaft two-degree-of-freedom bending defections, 10 x 2 for
the shaft two-degree-of freedom shearing defections, and (2 x 2) x 4 for the two-
degree-of-freedom transverse deflections of four disks).

5. RESULTS AND DISCUSSION

5.1. BENDING COUPLED NATURAL FREQUENCIES

The equations of motion (17) were derived in the rotating co-ordinate system
X,-Y,—Z, for the shaft and X,-Y,-Z, for the disks. Then the natural
frequencies were obtained in the rotating co-ordinates. For comparing with
experimental results, which are generally obtained relative to a stationary
observer, it is necessary to show the natural frequencies in stationary co-
ordinates. Since the transformation relations from the rotating co-ordinates to
the stationary co-ordinates are different in view of the shaft transverse vibration
and in view of the disk transverse vibration, there will be two sets of different
natural frequencies in stationary co-ordinates.

In view of the shaft transverse vibration, the relation is

wy) =+ Q, (18)

where w is the natural frequency in rotating co-ordinates including both positive
values for forward modes and negative values for backward modes, Q is the
shaft rotating speed and w is the natural frequency in stationary co-ordinates.

In view of the disk transverse vibration, the transformation from rotating co-
ordinates (X,—Y,—Z, system, which is fixed in the disk) to stationary co-
ordinates (Xo— Yo—Z, system, which is stationary in the space) (see Figure 2) is
not without some difficulty. Compared to the rotation angle Q¢ the small
vibration angles 0: and 0, may be ignored for the purpose of co-ordinate
transformation. Then the angular co-ordinates of the two systems are connected
by the relation

0y = 0+ Qt.

The response of the disk to a stationary force (F,coswyt, acting at ro=p, and
0y =0) in space is [26]

cos(wg + mQ)t cos(wy — mQ)t
|02 — (o +mQ)?|  |w? — (wy — mQ)*||

u= K(p,m)Fyf(r)cosmb

where @ is the natural frequency in rotating co-ordinates, m is the nodal
diameter number of the disk mode. From formula (19), it is seen that there are
two resonant frequencies relative to a stationary observer:
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w — mS for o =mQ,

2
—(w —mQ) for < mQ. (20)

wyg=w+mQ, and wy= {
Note that the natural frequency value of the disk transverse vibration should be
positive. w —m€2 and —(w—mL) is a continuous curve when drawn as a
frequency—speed diagram, so one generally states that every natural frequency
splits into two branches when rotating. This is saying that two excitation
frequencies stationary in space will excite the same resonant mode at a given
angular velocity, which has been well verified by experimental results [16].

For the specific problem discussed in the paper, w is the coupled shaft—disk
natural frequency, which can be negative in value resulted from the backward
precessional modes of the rotor system; and m =1 since only modes of one nodal
diameter contribute to the bending coupled vibration. The transformation
relation (20) will change to

lo| — Q for |o|=Q,

—(lo| — Q) for o] < Q. 1)

wy = |o|+Q, and )= {
According to formula (18), the coupled natural frequencies, in view of the shaft
transverse vibration, are shown in Figures 6(a) and (b) for the flexible-shaft/
rigid-disk model and the flexible-shaft/flexible-disk model, respectively.
According to formula (21), the coupled natural frequencies for the flexible-shaft/
flexible-disk model, in view of the disk transverse vibration, are shown in Figures
7(a) and (b) for the forward precessional modes and the backward precessional
modes, respectively. Note that, for the flexible-shaft/rigid-disk model, the natural
frequencies in view of disk transverse vibration are the same as those in view of
the shaft transverse vibration.

5.2. BENDING COUPLED MODE SHAPES

The ten lowest coupled mode shapes and the corresponding frequency values,
at zero rotating speed, are shown in Figure 8(a) without considering disk
flexibility and Figure 8(b) considering disk flexibility. One sees that for modes (1)
and (2) in Figure 8(a), and modes (1) and (2) in Figure 8(b), the disk flexibility
does not have visible influence on both the natural frequency values and the
mode shapes within the precision shown. For the comparable modes (3)—(6), the
disk flexibility reduces the natural frequency values, and has some influence on
the mode shapes. Modes (1)—(6) are called shaft-dominating modes, which can
be well predicted without considering disk flexibility and the inclusion of disk
flexibility will reduce or have negligible influence on the natural frequency
values. Other modes in Figure 8(a) do not have comparable partners in Figure
8(b). One notes that the natural frequencies of these modes are around the
natural frequencies (79 and 110 Hz) of the first disk modes shown in Figures 5(c)
and (d). For modes (7), (8) and (10) in Figure 8(b), the shaft has obvious
deflections at the disk locations, and the disks deform in such a manner that
their inertia moments on the shaft do not cancel out. These modes are called
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Figure 6. Coupled modal frequencies of the rotor system in view of the shaft transverse
vibration. (a) Flexible shaft and rigid disks, and (b) flexible shaft and flexible disks. Key for (a):
12 forward and 13 backward natural frequencies are drawn within the range of (—300 Hz,
300 Hz); key for (b): 15 forward and 16 backward natural frequencies are drawn within the range
of (—300Hz, 300 Hz).

shaft—disk coupled modes. They cannot be predicted without considering disk
flexibility or shaft flexibility. For mode (9) in Figure 8(b), the shaft has small
deflections, especially at the disk locations, and the disks deform in such a
manner that their inertia moments on the shaft cancel out. These modes are
called disk-dominating modes. They cannot be predicted without considering
disk flexibility and can be well predicted without considering shaft flexibility
(first mode of the larger disks). The calculation without considering shaft
flexibility is out of the scope of this paper and will be discussed in further
research output. Now returning to the natural frequencies in Figure 6. For the
shaft-dominating mode, good comparability is attained between Figures 6(a) and
(b). Due to the introduction of shaft—disk coupled modes and disk-dominating
modes around the natural frequency of the first disk modes, the natural
frequencies in Figure 6(b) become complicated between around 70 and 160 Hz
and are difficult to compare with Figure 6(a), especially at low spinning speeds.
Some of these natural frequencies increase rapidly as the rotor speed increases,
which is caused by the centrifugal stiffening as a result of rotation of the flexible
disks. The centrifugal stiffening effect is introduced through disk potential
energy as the term
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Figure 7. Coupled modal frequencies of the rotor system in view of the disk transverse
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At high rotational speeds, good comparability appears between Figures 6(a) and
(b) for the modes around 70-160Hz since the disks become stiffer due to
rotation.
For the higher natural frequencies above 180 Hz, the shaft-dominating modes
appear again due to the far separation from the disk natural frequencies. These

modes will not be discussed in detail here since they are far from the frequency
range of practical concern.

6. SUMMARY AND CONCLUSIONS

The intricate coupled vibration problem of a spinning Timoshenko beam/disk/
bearing system was investigated based on the flexible-shaft/flexible-disk model.
According to the nature of coupling with the shaft, disk vibratory modes are
classified into three groups: uncoupled disk modes with more than one nodal
diameter, disk modes with a single nodal diameter coupled with the shaft
bending vibrations and axisymmetric modes coupled with the shaft
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(1) 15.1 Hz 7}&}/7\ — (1) 15.1 Hz

(2) 23.0 Hz (2) 23.0 Hz
(3) 39.8 Hz (3) 39.6 Hz
(4) 53.0 Hz (4) 51.7 Hz
(5) 58.9 Hz (5) 58.4 Hz
(6) 66.9 Hz (6) 63.2 Hz
(7) 70.3 Hz (7) 67.6 Hz
(8) 98.7 Hz (8) 76.1 Hz
(9) 128.7 Hz ‘3\7’—\;/@ | L~ (9) 79.6 Hz
A _~ (10) 157.1 Hz ﬁr_lL%S—\\\\/ .~ (10)97.5 Hz
(a) (b)

Figure 8. Coupled vibration mode shapes of (a) the flexible-shaft/rigid-disk model, and (b) the
flexible-shaft/flexible-disk model (2 =0rpm).

longitudinal(axial) vibrations. The bending coupled vibrations of single nodal
diameter disk modes and the shaft-bearing system were solved by a substructure
synthesis technique. The centrifugal stiffening effect of disks was included in the
formulation. The coupled natural frequencies, both in view of the shaft
transverse vibration and in view of the disk transverse vibration, and the coupled
mode shapes at stationary state were obtained for an idealized turbine-generator
set. For the typical rotor case examined, the disk flexibility will have important
influence on the vibration characteristics of the rotor system, especially at the
natural frequency range around the disk natural frequencies. By including disk
flexibility, the coupled modes of the shaft/disk/bearing system may be divided
into three types: the shaft-dominating modes, the shaft—disk coupled modes, and
the disk-dominating modes. Disk flexibility will reduce the natural frequency
values of some shaft-dominating modes and has negligible influence on others.
The shaft—disk coupled modes, and the disk-dominating modes cannot be
predicted without considering disk flexibility.

As a rule of thumb, disk flexibility can be ignored if the frequency range of
interest is far from the disk natural frequencies, otherwise the coupled flexible-
shaft/flexible-disk analysis must be performed.
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APPENDIX A: STRESSES, LAPLACIAN, AND FLEXURAL RIGIDITY
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orr ror 290 12(1 —vp)
APPENDIX B: DISCRETIZED TOTAL ENERGY FUNCTIONS
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where the element matrices are listed in Appendix C.

APPENDIX C: ELEMENT MATRICES
s M
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where
el = ki +cpQ, en=kp—ciQ, e3=cu, and ey = cp,

and |, represents values evaluated at the ith disk location. A prime represents
differentiation with respect to the spatial variables x and r for ®g and ®,,,
respectively.

APPENDIX D: NOMENCLATURE

a, ao; disk inner-clamping radius

Ag cross-sectional area of the shaft

b, by, disk outer radius

b; locations of bearings on the shaft

Cily Ci radial damping coefficients of bearings
D, D, flexural rigidity of disks

d; locations of disks on the shaft



(m, n)
N

No

N,. N,

qi

Q:i, Qs Quis Qui
(r, 0)

Ry

Rmn

S

T, Tp, Tpi, Ts
Up, Up;

V. Vp, Vpi, Vs
(vs, ws), Vs, W)
(vsi» Ws1)

(vs2, Ws2)

ow

Zpi, Ls,, Ls>

oDia q)Sl s q)S2
pa st pS

V, Vp

vZ

v4

Q

9mn0

Subscripts
bi, di

D

Di

S

MULTISPAN SHAFT WITH FLEXIBLE DISKS 649

Young’s moduli

inertia force of a vibrating disk

shear modulus

thickness of disks

area moment of inertia of the shaft about a diameter
disk mass moment of inertia about the axis of rotation
disk mass moment of inertia about a diameter

shear correction factor

radial stiffness coefficients of bearings

Lagrangian

total number of disks

inertia moment of a vibrating disk

mass of a disk

disk mode with m nodal diameters and »n nodal circles
number of bearings

number of degrees of freedom of the total discretized system
normal stress resultants in polar co-ordinates
generalized independent co-ordinates

column vectors consisting of generalized co-ordinates
polar co-ordinates for a disk

generalized forces from bearing action

radial distribution of disk mode shapes

length of the shaft

kinetic energies

transverse displacements of disks

potential energies

total transverse displacements of the shaft

flexural deformations of the shaft

shearing deformations of the shaft

virtual work done by the bearing forces

column vectors consisting of generalized co-ordinates of
complex form

row vectors consisting of admissible functions

mass densities

Poisson’s ratios

Laplacian operator

biharmonic operator

rotational speed of the shaft

orientation angle of a disk mode

values evaluated at the ith bearing and ith disk location
disk

ith disk

shaft
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